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1. Basic equations of the current and the magnetic field in a non-existent space of the 

current 

From Maxwell's equations, the static magnetic field satisfies the following equation in a 

space where there is no magnetic source. 

 0 ,iH i x y    ・・・ (1) 

The general solution of this equation is expressed as the sum of the terms that increase 

exponentially in the z direction and the terms that decrease exponentially as follows. 
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kx and ky are wavenumbers in the x and y directions. a(kx, ky) and b(kx, ky) are functions 

represented by kx and ky. Let z= 0 be the z coordinate of the measurement surface. If the 

magnetic field source is only in the space where z> 0, b(kx, ky)= 0. Assigning the two-

dimensional Fourier transform fi(kx, ky, 0) of the measured magnetic field distribution in Eq. 

(3) as  the boundary conditions, the solution of Eq. (1) is derived by Eq. (4).1 
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By substituting the magnetic field distribution Hi (x, y, 0) obtained by the measurement into 

Eq. (3), (4), the magnetic field distribution Hi (x, y, z0) near the battery can be derived. 

 

2. Analytical solution for current and magnetic field near the storage battery2 

The target of this theory is a single-layer lithium-ion battery cell. The coordinate system has 

x, y axes along the conductor surface and the z axis in the normal direction. In Fig. S1, hT is 

the distance between collectors; h is the thickness of the collector; z0 is a coordinate of the 

electrode; σ0 is the conductivity of the collector; σ(x, y) is the two-dimensional conductivity 
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distribution between the anode collector and the cathode collector in the battery; and φ(x, y) 

is the two-dimensional potential difference distribution on the collector surface. δ is delta 

function, and δ' is a function obtained by differentiating the delta function in the z direction. 

The steady-state Maxwell equation is described as follows. 
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E and H are electric field and magnetic field, respectively. D and B are electric flux density 

and magnetic flux density, respectively. j is electric current. There is a potential φ in E. 

E  ・・・ (6) 

The x and y components of j are defined as follows using the in-plane current of the positive 

electrode jc and the in-plane current of the negative electrode ja. 
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The z component is defined as follows using σ and φ (φc is the potential distribution of the 

positive electrode current collector metal, and φa is the potential distribution of the negative 

electrode current collector metal.). 

 c a

1 1
z

h h
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Since the in-plane conductivity σ0, c, σ0, a of the positive electrode and the negative electrode 

is the conductivity of the metal, the non-uniformity of the spatial distribution and the 

difference between the positive electrode (σ0, c) and the negative electrode (σ0, a) are 

sufficiently small. Therefore, σ0 is defined as follows. 

0, c 0, a 0     ・・・ (9) 
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jc and ja are expressed as follows using the potential distributions φc, φa and σ0, c, σ0, a, 

respectively. 
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When Eq. (10) is used, Eq. (7) becomes Eq.(11). 

0, c c 0, a

0, c c

a

0, aa

x

y

j

j

x x

y y

 

 



  

 







 





  



 
・・・ (11) 

From σ0,c= σ0,a= σ0,  
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From the above, the electric current on the electric current collector is described as follows. 

0 0 ( , )x y  j E    ・・・ (13) 

From the second equation of Maxwell's equations, the magnetic field and current satisfy the 

following equations. 
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From the equation of Maxwell's equations, 

0 B  ・・・ (15) 
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If there is no magnetization in a homogeneous material, the magnetic permeability of the 

material is μ. 

 μ

μ
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From the above, ∇・H = 0. Substitute this into Eq. (14).  

  H j  ・・・ (17) 

When this is applied to the conductor surface, 

( ) 0z 0H      ・・・ (18) 

With respect to the magnetic field distribution on the left side of this equation, there is no 

term related to the current j on the right side, which is the source term. Therefore, the 

magnetic field Hz does not depend on the current j, so the z component of the magnetic field 

generated by the current is 0. Thus, the current flowing through the conductor electrode does 

not generate Hz. Assuming that the current is flowing in the z-axis direction inside the 

electrolyte, Hz will not be generated. This is because there are no defects such as via holes on 

the printed circuit board and current is generated uniformly. 

Assuming that the thickness of the conductor electrode is h, the continuity equation of the 

current on the conductor substrate is as follows. 

( ) 0x y z
x y

j j h j
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Rewriting the above equation using the two-dimensional conductivity distribution of the 

electrolyte gives the following. 
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Rewriting this equation assuming that the conductivity of the current collector is constant is 

as follows. 
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The current flowing in the storage battery is expressed as follows. 

 0 0 T( , ), ( , ), ( , ) ( , ) ( )1

x y 0x y x y h x y x y h z z      j         ・・・ (22) 

The relationship between the magnetic field and the electric current is described as follows. 

The current flowing over the positive and negative electrodes is expressed as a gradient of φ. 

Therefore, all of these effects are taken into consideration in the following Poisson's equation 

with φ as the source term and the magnetic field as the left side. 
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The z coordinates of the magnetic field derived from the positive electrode and the magnetic 

field derived from the negative electrode differ by hT, but this is small enough that it does not 

matter. In this equation, the z component is 0, but the others are not 0. Consider the x and y 

components. At this time, the following simultaneous equations can be considered. 
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 ・・・ (24) 

Substitute from the third expression into the first and second expressions. 
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Qx(kx, ky, z0) and Qy(kx, ky, z0) are assumed to be the two-dimensional Fourier transformation 

images of the x- and y-components, respectively, of the magnetic field, Hx(x, y, z0), Hy(x, y, 

z0). 
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Using Eq. (26), Eq. (25) is rewritten as Eq. (27). 
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Then, we use the following Green function (G0(z, z0, k)). 
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When Eq. (28)is used, Eq. (27) becomes Eq. (29). 

 

・・・ (29) 

In Eq., z → z0. The following equation is used for that purpose. 
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・・・ (30) 

The two-dimensional Fourier transform image of the magnetic field distribution is expressed 

as follows. 

 

・・・ (31) 

From Eq.(31), the equations for magnetic field and current are derived as follows. 

 
・・・ (32) 

The two-dimensional Fourier transform image of the electric potential is obtained as follows. 

 

・・・ (33) 

The two-dimensional conductivity distribution inside the storage battery can be obtained 

from φ obtained by the inverse Fourier transform. 
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S1. Definition of each variable of the process of reconstituting the electric conductivity 

distribution in the cell from the magnetic field leaking from the cell in the single-layer 

rechargeable battery. 


